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The prob lem of es ti mat ing plu to nium tem per a ture by an it er a tive pro ce dure based on the spe -
cial trans func  tions the  ory  has been stud  ied in some de  tail. In the  ory, the dif  fer  en  tial lin  ear
plu to nium  tem per a ture  equa tion  can  be  ef fec tively  re duced  to  a  non-lin ear  func tional  tran -
scen den tal equa tion solv able by spe  cial trans func tions the ory. This ap proach is prac ti cally in -
vari ant  un der  the  start ing  plu to nium  tem per a ture  value.  This  is  sig nif i cant,  be cause  the  said
it  er  a  tive spe  cial trans func  tions the  ory does not de  pend on the pass  word data of the plu  to  -
nium  cargo.  Ob tained  nu mer i cal  re sults  and  graph i cal  sim u la tions  con firm  the  ap pli ca bil ity
of such ap  proach.
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IN TRO DUC TION
With the end of the Cold War, the need for plu to -
nium has de  creased. How  ever, the need for de  vel  op  -
ing  and  up grad ing  plu to nium  han dling  tech niques  is
on the rise. In re  cent years, the pros  pect that in the
fore  see  able fu  ture the use and trans  por  ta  tion of plu  to  -
nium  ir ra di ated  nu clear  fuel  and  ra dio ac tive  wastes
could turn out to be a fact of life has caused in  tense
scru  tiny. At pres  ent, sci  en  tists and en  gi  neers are giv  -
ing their best to come up with as safe as pos si ble modes 
for the (re)use, trans  port and (or) sta  bi  li  za  tion, clean
up, and pre  ven  tion of even  tual ex  cesses and dra  matic
waste pol lu tion in ci dents. Con trol ling plu to nium tem -
per  a  ture is one of the most im por tant is  sues be long  ing
to the said cor  pus of sci  en  tific and en  gi  neer  ing en  -
deav ors.
The plu to nium tem per a ture dif fer en tial equa tion 
takes the form [1]
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where t = RC, R be  ing the ther  mal trans  port co  ef  fi  -
cient, C – the be  ing thermo ca  pac  ity, and P  – the en  -
ergy of the ra  di  a  tion emis  sion, with Tc as ther  mo  stat
tem per a ture.
On the other hand, we have a very ef fec tive it er a -
tive spe cial trans func tions the ory (STFT) ap proach to
the non-lin  ear func  tional equa  tion of the type
Y t Y t B t
Y t ( ) '( ) ( )
( ) + =
- t e (2)
where B(t) = Pce
–mt that ap pears in an a log forms, [2-4]. 
Namely, with m  be ing  an  it er a tive  dis so nant  time  de -
pend ent pa ram e ter. The mean ing of the term dis so nant
is ex  plained in [2-4].
Let us note that the pos  si  ble cor  re  spon  dence be  -
tween eq. (1) and (2) is of ut most im por tance, since we
have  an  ef fec tive  it er a tive  pro ce dure  for  find ing  the
so  lu  tion to eq. (2). 
If we suc  ceed in re  duc  ing eq. (1) to eq. (2), the
so lu tion to plutonium tem per a ture should be avail able
to us at any time, un  der the as  sump  tion that the ini  tial
tem per a ture  value/start ing  con di tion  is  un known.  In
fact, it is not at all dif fi cult to achieve such a re duc tion.
Namely, af ter some sim ple mod i fi ca tions, eq. (2) takes 
the form
q
q t
1
1 ( ) ( )
( ) '( ) t B t
t Y t =
- + e (3)
where
q t 1( ) ( ) '( ) t Y t Y t = + (4)
and, start  ing eq. (1), af  ter for  mal mod  i  fi  ca  tion, by in  -
tro duc ing  the  ex pres sion  of  type
K t T t
K t ( ) ( )
( ) =
- e
takes the form 
t t K t K t K t Pc
K t '( ) ( )[ '( )]
( ) + + =
- 1 e (5)
or, 
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A for mal equal iza tion be tween eqs. (3) and (6) is
pos si ble  un der  the  con di tion  that
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which, in turn, can be re  duced to the form of
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with m  as  a  time-de pend ent  dis so nant  pa ram e ter  hav -
ing to sat  isfy the er  ror cri  te  rion of the form
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where em is an ar  bi  trary small pos  i  tive real num  ber.
 Con  se  quently, eq. (9) can take the form
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It is to be pointed out that equa  tion (9) has two
real  pos i tive  so lu tions  un der  the  con di tion  that  Bo < 1.
Thus, from eq. (10) we have m  > Y'(t).
Let us note that eq. (5), un  der above quoted
trans for ma tions,  takes  the  form
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The scheme for the gen e sis of plu to nium tem per -
a  ture from this ex  pres  sion   in  volves eqs. (2), (9), and
(13). Namely, we ob  tain the val  ues of Y(t) and Y' (t)
from eq. (2). Then, from eq. (9), we es  tab  lish Z(t),
from eq. (13) we ob  tain K1(t) and fi  nally, plu  to  nium
tem per a ture  T(t). Thus, by the it  er  a  tive STFT lin  ear
dif fer en tial eq. (1) (the non-lin ear, multimodal one ap -
pears in [16]) has been re duced to the non-lin ear func -
tional  tran scen den tal  equa tion  that  for mally  de scribes
pro  cesses in non-lin  ear RC di  ode cir  cuits, neu  tron
trans port  the ory,  ther mi onic  emis sion,  plasma  pro -
cesses,  etc. [2-17].
THE  AN A LYT I CAL  CLOSED  FORM
SO LU TION  OF  EQUA TION  (13)
This sec  tion is or  ga  nized as fol  lows: first, an
over view of the an a lyt i cal closed form so lu tions is pre -
sented so that the reader may in  spect the for  mu  lae
with  out hav  ing to pre  vi  ously sort out their der  i  va  tion.
A de tailed der i va tion of the for mu lae is then pre sented. 
The out  line of the der  i  va  tion is based on the fact that
the STFT ap  proach can be ap  plied for an ar  bi  trary
tran scen den tal equa tion of type (13) (or eq. (12) for Z1
> 1) in a straight  for  ward man  ner: by de  ter  min  ing the
suit able  par tial  dif fer en tial  equa tion  for  iden ti fi ca tion
with the func  tional tran  scen  den  tal equa  tion, by find  -
ing the an  a  lyt  i  cal closed form so  lu  tion to the cho  sen
par tial  dif fer en tial  equa tion,  by  pre dict ing  the  as ymp -
totic so lu tion of the dif fer en tial equa tion for iden ti fi ca -
tion and, fi  nally, by choos  ing the op  ti  mal equal  iza  tion
be  tween the unique so  lu  tion and the as  ymp  totic one,
[2-17]. The pre  dicted struc  tures of so  lu  tions are then
ex am ined  nu mer i cally  and  by  de tailed  graph i cal  anal -
y sis  for  var i ous  pa ram e ters  of  B1(t) [2, 10, 14].
The tran scen den tal eq. (13), for a given time mo -
ment t, takes the sim  ple form
K t B t
K t B t
K t
1 1
1 1
1
0 0
( ) ( )
( ) , ( )
( ) =
> >
- e
(15)
The quoted eq. (15) has the so lu tion in the fol low -
ing  closed  form  rep re sen ta tion  K1(t) = trans+[B1(t)],
where trans+[B1(t)] is a new spe  cial trans func  tion de  -
fined as [2-4, 10]
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The  prac ti cal  nu mer i cal  model  for  cal cu lat ing
the  tran scen den tal  num ber  K1 takes the form
K t B t
B t
F t x
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P P 1 1
1 1
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+
+
trans
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(17)
where xg is the value of  x, x [xÎ(0, 4)], when the so lu -
tion pre ci sion de fined as P x G x + + =- ( ) log ( ) 10   sat is -
fies the in equal ity  P+ ³ Pn, for x ³ xg, the er ror func tion
is de  fined as G+(x) = K1– B1 e
-K1 and sat  is  fies the in  -
equal ity  G g m + + £  for x ³ xg, while Pm de notes the de -
sired  so lu tion  pre ci sion  (de sired  num ber  of    ac cu rate
dig its),  and  g+m is an ar  bi  trary small and pos  i  tive, real
num ber.  Con se quently,  K
P 1 [ ] +
 de  notes the nu  mer  i  -
cal value of num ber K1 given with [P+] ac cu rate dig its.
The func  tional se  ries F+ (t, x) takes the form
    F t x
B t x k
k
x
x
k k
k
x
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equal to x.  Con se quently,  for mula  (17)  rep re sents  the
nu mer i cal  struc tures  for  num bers  K1. The choice of x
con trols the num ber of ac cu rate dig its for con stants K1, 
and sat  is  fies the er  ror cri  te  rion. On the other hand, the
num ber of ac cu rate dig its in the nu mer i cal struc ture of
con stant  K1 is, prac  ti  cally, de  ter  mined by the phys  i  cal
re quire ments  for  the  plu to nium  tem per a ture  es ti ma -
tion prob  lem. 
THE  PAR TIAL  DIF FER EN TIAL
EQUA  TION AS AN EQUA  TION FOR
IDEN TI FI CA TION
 Tran  scen  den  tal eq. (15) can be iden  ti  fied with a
par tial  dif fer en tial  equa tion  of  the  type
¶
¶
F t x
x
B t F t x +
+ = -
( , )
( ) ( , ) 1 1 (19)
The  par tial  dif fer en tial  eq.  (19)  is  an a lyt i cally
solv  able us  ing a Laplace trans  form. The unique so  lu  -
tion is a se  ries (18). Or, more ex  plic  itly, equa  tion (18)
takes the form
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where H(x – k) is the Heaviside’s unit func tion de fined
as 
H x k
x k
x k
( ) - =
>
<
ì
í
î
1
0
for
for
On the other hand, the as ymp totic so lu tion of the
form ([2-4, 10])
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sat is fies  the  dif fer en tial  eq.  (19)  un der  the  con di tion
that  sat is fies  the  tran scen den tal  equa tion  (15).
Ac cord ing  to  the  unique  so lu tion  prin ci ple  and
func  tion the  ory, we have
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AN ANAL  Y  SIS OF EQUAL  ITY (22)
Let us note that the es  sen  tial part of the STFT is
the ex is tence of equal ity (22). Sub sti tut ing re sults (18)
and (21) for F+ (t, x) and  F+ p (t, x), re spec tively, in eq.
(22), we ob  tain
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the above equa  tion takes the form
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Af  ter a se  ries ex  pan  sion on the left side, the
above equa  tion can be writ  ten as:
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From the above quoted, ex  panded form, it is
clear that the term of (–1)MK1
M takes the fol  low  ing
form
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and, fi nally, on the left side of the eq. (24), we ob tain
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or, more ex  plic  itly
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Note that the equal  ity (26) holds if, and only if
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By sim ply us ing math e mat i cal in duc tion, we can 
show that eq. (27) is sat  is  fied for any pos i  tive in  te  ger .
Con  se  quently, un  der the as  sump  tion (27) we have
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This ap proach, by means of math e mat i cal in duc -
tion, is a solid proof of the ex is tence of equal ity (22).
THE GEN  ERAL TRANS SCHEME
The in  tro  duc  ing sec  tion makes it clear that,
when  ap ply ing  the  unique  so lu tion  prin ci ple  [2-17],
we have the fol  low  ing equal  ity
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An a log i cally,  the  unique  so lu tion  prin ci ple
states that
F t x F t x x x
P p P g + +
+ +
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where áF+(t, x)ñ[P+] de  notes the nu  mer  i  cal value of
func tion  F+(t,  x) given with [P+]  ac cu rate  dig its.
 Now, from eq. (29), it be  comes pos  si  ble to es  -
tab  lish the equal  ity
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Let us note that, more ex  plic itly, for a fixed time
mo ment,  num ber  K1 takes the form of
K B t
B x k
k
B x k
k
P
k
k
x
k k
k
x 1 1
1
0
1
0
1 1
[ ]
[ ]
[ ]
( )
!
( )
!
+
=
-
+ -
=
=
+
å
å
for x xg ³
(31)
From a the  o  ret  i  cal point of view, the so  lu  tion
(31) for K1 can be found with an ar  bi  trary or  der of ac  -
cu  racy, by tak  ing an ap  pro  pri  ate value of x.
CON CERN ING  THE  SO LU TION  TO  THE
NON -LIN EAR  MULTIMODAL 
DIF FER EN TIAL  EQUA TION  (2)
Let us note that, in pre  vi  ous sec  tions, the prob  -
lem of plu to nium tem per a ture cal cu la tion (1) has been
re duced to a solv able non-lin ear dif fer en tial eq. (2). In
this pa  per, by ap  ply  ing the special trans func  tion
theory (Perovich, 1992, 1995, 1996, 1997, 1999,
2004, 2006, 2007, 2009, etc.), eq. (2) has been suc  -
cess fully solved. Namely, as a tran scen den tal equa tion 
of the form
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n
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where 
(n)Y(t) is the so  lu  tion to the n-th  it er a tion  when
(n)Y¢(t) is a known time func  tional pa  ram  e  ter. Un  der
this as sump tion,  the an a lyt i cal closed form  so lu tion to
the eq. (2) takes the form
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where trans+[Bn(t)] is a spe cial trans func tion [2- 4, 10]
de fined  as 
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From eq. (32), by dif  fer  en  ti  a  tion, we have 
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Now, from eqs. (32), (33), and (36) di  rectly fol  -
lows that
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On the other hand, we have
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The er ror func tion to the n-th it er a tion is de fined
as
( ) ( ) ( ) ( ) ( )
n n n g Y t Y t = ¢ - ¢ £
+1 e (39)
where  e is an ar  bi  trary small, real, pos  i  tive num  ber. 
 If the er ror cri te rion is not sat is fied, then the it er -
a  tive pro  ce  dure con  tin  ues, with the new value of the
first  dif fer en ti a tion,  (n +1)Y¢(t), etc.
THE  AN A LYT I CAL  CLOSED  FORM
SO LU TION  TO  EQUA TION  (12)
Let us note that it is pos  si  ble to solve eq. (12) by
STFT, as it has been pre sented in sec tion “The an a lyt i -
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1, and in [2] and [14], for Z1 > 1. 
Namely, for Z1 < 1, the tran  scen  den  tal eq. (12)
can be iden ti fied with a par tial dif  fer en tial equa tion of
the type
¶
¶
F x B
x
B F x B a
a a
<
< + - =
( , )
( , ) 1 0 (40)
where F< (x, Ba) is an ar  bi  trary real func  tion, for x > 0,
and F< (x, Ba) = 0, for x < 0. Con se quently, by ap ply ing
STFT, we have
Z t B t a 1( ) [ ( )] = < trans (41)
where trans<Ba(t) is an el  e  men  tary spe  cial tran func  -
tion de  fined as [2-4, 10]
trans<
®
<
<
=
+
æ
è
ç ç [ ( )] lim
[ ( ), ]
[ ( ), ]
B t B
F B t x
F B t x
a
x
a
a
a 4 1
ö
ø
÷ ÷
=
+
<
®
<
<
or
trans [ ( )] lim ln
[ ( ), ]
[ ( ),
B t
F B t x
F B t x
a
x
a
a 4 1]
æ
è
ç ç
ö
ø
÷ ÷ (42)
wehere
F B t x
x k
k
a
k
k
k
x
<
=
= -
-
å [ ( ), ] ( )
( )
!
[ ]
1
0
On the other hand, the ap  pli  ca  tion of the spe  cial
trans func  tions the  ory (Perovich, 1991-2009), re  sults
in Z1 > 1, Z1>
Z
F x B F u a b
F x B F u b u
x
a
a
1 1
>
®
®
< >
< >
=
-
+
ì
lim ln
( , ) ( , )
( , ) ( , ) 4
4
í
î
ü
ý
þ
æ
è
ç ç
ö
ø
÷ ÷ = > trans ( ) B a a
(43)
where trans> (Ba, a)  is a new spe cial tran func tion, and
b
Z
a
= < (44)
where a = 2ln3, or, gen  eraly a A A = + - 2 1 1 ln[( )/( )], 
where A = 2, 3, 4, 5, and 235, Z< = tran<(Ba), where
tran< (Ba)  is an el e men tary spe cial tran func tion [2, 14] 
de  fined in (42)
F u b bR u b
R u b R u b
bu
bu bu
> = +
¢ = ¢
( , ) ( , )
( , ) [ ( , ) ]
e
e e
(45)
where
R b u
b u na
n
u
n
ab n n
n
u a
( , ) ( )
( ) ( )
!
[ / ]
= -
-
å
>
-
=
1
0
0
e
for
(46)
and  [u/a] de  notes the great  est in  te  ger less than or
equal to u/a.
For  prac ti cal  cal cu la tion  pur poses,  when  the
value of x is a pos  i  tive in  te  ger M, we have the fol  low  -
ing for  mula
Z
F M B
F M B
F u a b
P
a
a P
1 1
>
<
<
>
>
<
=
+
é
ë
ê
ù
û
ú +
+
-
[ ]
[ ]
ln
( , )
( , )
ln
( , )
( , )
[ ] F u b
P >
é
ë
ê
ù
û
ú
>
(47)
where  Z
P 1>
> [ ] is the value of the tran scen den tal num -
ber Z1> given with [P>]  ac cu rate  dig its.  Fi nally,
Z B B a
P a P a P 1> < >
> < >
= +
[ ] [ ] [ ] ( ) ( , ) trans trans
In  ac cor dance  with  the  pre vi ous  def i ni tion,  we
have that er  ror func  tion de  fined as
G Z Ba
Z
> > = - > e (48)
sat is fy ing  the  in equal ity
P G Pm > > = - ³ log10 (49)
where  Pm  de notes  the  de sired  so lu tion  pre ci sion  (de -
sired num  ber of ac  cu  rate dig  its).
PLU TO NIUM  TEM PER A TURE
CAL CU LA TION 
Pre vi ous sec tions lead us to the con clu sion that it 
is  pos si ble  to  de ter mine  plu to nium  tem per a ture  with -
out the value of the start  ing tem  per  a  ture or any other
tem  per  a  ture value. Namely, ac  cord  ing to eq. (32),
within the STFT it  er  a  tive pro  ce  dure, by means of the
er  ror cri  te  rion de  fined in (38), we ob  tain the so  lu  tion
for Y(t) and Y¢(t). For the ob  tained value of Y¢(t) by
STFT, from eq. (9), we come up with 
Z Z B a
B
a a
o = - = - = - é
ë ê
ù
û ú > > 1 1 1 1 1 trans trans
e
( , ) ,
where trans>[Bo/e
(1), a], is given by for  mula (43).
From eq. (15)
K t B t K t B t
K t
1 1 1 1
1 0 0 ( ) ( ) , ( ) , ( )
( ) = > >
- e
by STFT ap  pli  ca  tion [2, 14], we ob  tain the so  lu  tion to
K1(t) in the form
K t B t
F t x
F t x
B
x
1 1 1 1
( ) lim ( )
( , )
( , )
[ ( =
+
é
ë
ê
ù
û
ú =
®
+
+
+
4
trans t)]
Fi  nally, from eq. (14), the value of K(t) fol  lows
in the form of
K t K t Z t B t B a a ( ) ( ) ( ) [ ( )] ( , ) = - = - + + > 1 1 1 trans trans
Also, this leads us to the for  mula for plu  to  nium
tem per a ture
T B t
B
a o
B t
= - + é
ë ê
ù
û ú×
×
+ >
+
trans trans
e
e
trans
[ ( )] ,
[ (
1 1 1
1 )] , - + é
ë ê
ù
û ú > 1
1 trans
e
B
a o (51)
In this case, the fact that the cal cu la tion of plu to -
nium  tem per a ture  is  prac ti cally  in vari ant  of  the  start -
ing (ini tial) plu to nium tem per a ture is of ut most im por -
tance.
NU MER I CAL  RE SULTS
Some im por tant re sults in this pre sen ta tion are, in
fact, the val ues of T(t). In tab. 1 we have pre sented some 
of the re  sults for T(t), when the val  ues of B(t) vary.
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pa ram e ters B(t), pre sented in tab. 1, are also pre sented
graph  i  cally in figs. 1 and 2.
In tab. 2 we have pre sented, nu mer i cally, the fact
that er  ror func  tion de  pends on the num  ber of it  er  a  -
tions.
The  cor re la tion  be tween  the  er ror  func tion  and
the num ber of it er a tions is pre sented graph i cally in fig. 
3, as well.
CON CLU SION
 It is clear that the cal  cu  la  tion of plu  to  nium tem  -
per a ture is of sig nif i cance since it gives us the pos si bil -
ity of es ti mat ing the con cen tra tion and mass of the said 
ra dio ac tive el e ment. Plu to nium tem per a ture is of great 
im  por  tance for transport safety, as well.
Once again, let us point out that the STFT be  ing
pre  sented in this pa  per and ap  plied for cal  cu  lat  ing plu  -
to nium  tem per a ture  is  in de pend ent  of  pass word  cargo
data and the ini  tial plu  to  nium tem  per  a  ture. The use of
the STFT pro  ce  dure also al  lows us to de  ter  mine the
time chang  ing plu  to  nium tem  per  a  ture with a very high
ac  cu  racy. In short, it is ob  vi  ous that the STFT it  er  a  tive
pro  ce  dure is an ex  cel  lent method for the said pur  pose,
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Fig ure  2.  Plu to nium  tem per a ture  be ing  cal cu lated  in
func tion  of  B(t) and G
Ta ble  1.  Cal cu lat ing  val ues  of  T(t) for dif  fer  ent
pa ram e ters  B(t)
B(t)×106 T(t) [°C] G
1.198243 610.43 1.740E-09*
1.311565 579.41 1.607E-08
1.787568 386.00 6.243E-08
2.009790 303.75 2.962E-07
2.221021 288.35 4.119E-06
2.666739 217.94 1.082E-05
2.888951 193.90 3.838E-05
3.978307 117.81 2.087E-04
*1.740E-09 means 1.740×10
–9
Fig ure  1.  Plu to nium  tem per a ture  be ing  cal cu lated  in
func tion  of  B(t)
Ta  ble 2. Er  ror func  tion and the cor  re  spond  ing num  ber
of iterations
Number of iteration n Error (n)g
1 9.316841032003254 E-6
2 9.005140616302754 E-6
3 8.703880545191112 E-6
4 8.412710164051873 E-6
6 7.859298628787315 E-6
8 7.342338300998580 E-6
10 6.859425865535229 E-6
11 6.630031235133060 E-6
14 5.986925645906638 E-6
15 5.786753312975179 E-6
20 4.882076065193530 E-6
22 4.561204494990534 E-6
25 7.596416564226161 E-6
50 6.408319747741587 E-7
55 4.119083905074206 E-7
100 5.406296559762325 E-8
120 5.225571780620442 E-8
130 5.050898597147580 E-8
Fig  ure 3. The er  ror func  tion cor  re  spon  dence to the
num ber  of  STFT  it er a tionsmostly  be cause  it  is  in de pend ent  of  pos si ble  fal si fied
plu to nium  sys tem  data.
Fi nally, we wish to point out that it is pos si ble to
pres ent  plu to nium  tem per a ture  in  the  form  of
T t t
t t ( ) ( )
( ) =y
y e (52)
Ac  cord  ingly, eq. (2) takes the form
( )
ty ty y
y
y
¢ + ¢ +
+ =
-
( ) ( ) ( )
( )
t t t t
t Pc
t t 2 e
(53)
 Now, we can ap ply an anal o gous it er a tive pro ce -
dure de  scribed for eq. (2) to eq. (53). Of course, the
equa  tion for iden  ti  fi  ca  tion is more com  plex, thus the
cor re spond ing  nu mer i cal  sim u la tions  are,  in deed,  ro -
bust. How  ever, this might be the sub  ject mat  ter of
some  fu ture  the o ret i cal  and  numerical  analysis.
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Slavica PEROVI], Sawa BAUK
ODRE\IVAWE  TEMPERATURE  PLUTONIJUMA  KORI[]EWEM
TEORIJE  SPECIJALNIH  TRANS  FUNKCIJA
Prob  lem odre|ivawa tem  per  a  ture plutonijuma, iterativnim postupkom zasnovanim na
teoriji specijalnih trans funkcija, prou~en je u nekim detaqima. Prema ovoj teoriji, linearna
diferencijalna jedna~ina za temperaturu plutonijuma mo`e se efektno redukovati na nelinearnu
funkcionalnu transcendentnu jedna~inu, koja se re{ava specijalnim trans funkcijama. Ovaj
postupak je prakti~no invarijantan od po~etne vrednosti tem  per  a  ture plutonijuma. To je veoma
zna~ajno zbog toga {to navedena iterativna procedura ne zavisi od bitnih podataka za
plutonijumski teret. Dobijeni numeri~ki rezultati i grafi~ke simulacije, potvr|uju
primenqivost ovog pristupa zasnovanog na teoriji specijalnih trans funkcija.
Kqu~ne re~i: teorija specijalnih trans funkcija, specijalne trans funkcije, temperatura
..........................plutonijuma